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Inverse liquid-solid fluidized beds have recently received increased attention, particularly for 
use with wastewater treatment bioreactors (i.e., particle-supported biofilms). The flow 
behaviour of free-rising light particles (𝜌𝑝 < 300
𝑘𝑔
𝑚3
) is especially interesting because their 
drag coefficients deviate from the standard drag curve. For this reason, the work presented in 
this thesis was focussed on investigating the minimum fluidization velocity (𝑈𝑚𝑓) and the 









, and 678 
𝑘𝑔
𝑚3
, in a conventional inverse fluidization regime. All experimental measurements 
were completed using a large-scale system comprising a downer column with a diameter of 
200 mm and a height of 4.5 m. Substantial deviations from the Wen and Yu correlation 
predictions were evident in the experimentally determined Umf values due to the limited range 
of particle properties (𝜌𝑝 < 300
𝑘𝑔
𝑚3
𝑎𝑛𝑑 𝐴𝑟 < 16000). A modified Wen and Yu correlation is 
therefore proposed as a means of improving predictions related to free-rising light particles. 
The bed voidage associated with the particles studied was also explored experimentally. A 
proposed force balance model has been developed for predicting bed voidage based on an 
analysis of the liquid-solid interaction forces acting on a suspended particle. Within the range 
of solid particle properties examined, the proposed model has demonstrated adequate accuracy 
with respect to predicting bed voidage in inverse liquid-solid fluidized beds.  
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Summary for a Lay Audience 
An inverse liquid-solid fluidized bed (I-LSFB) refers to a two-phase system in which dispersed 
light particles whose density is less than the liquid density are suspended by a downward liquid 
flow in a bed. The flow regime in an I-LSFB is dependent primarily on the velocity of the 
downward superficial liquid. When the velocity of the superficial liquid reaches the minimum 
fluidization velocity, a fixed I-LSFB regime is transformed into a conventional I-LSFB regime. 
Due to the drag and gravitational forces overcoming the buoyancy force, all particles become 
fluidized. Because of their advantages that can result in enhanced liquid-solid contact 
efficiency, conventional I-LSFBs have recently become a target of increased attention, 
particularly with respect to their use in wastewater treatment bioreactors (i.e., particle-
supported biofilms). The flow behaviour of free-rising light particles (𝜌𝑝 < 300
𝑘𝑔
𝑚3
)  is 
especially interesting because the deviation of their drag coefficients from the standard drag 
curve. This background provided the motivation for the focus of this work: an investigation of 
the hydrodynamics of minimum fluidization velocity and bed voidage (liquid volume fraction) 
in a conventional I-LSFB for four kinds of particles, with densities of 28, 122, 300, and 678 
kg/m3. All the experimental measurements were acquired in a large-scale system comprising a 
downer column bioreactor with a diameter of 200 mm and a height of 4.5 m. The minimum 
fluidization velocities were investigated using two different measurement methods: 
identification of the frictional pressure gradient and ascertainment of the bed expansion height 
under a variety of superficial liquid velocities. Compared to predictions derived from the 
common correlation established by Wen and Yu (1966), substantial deviations were observed 
in the minimum experimental fluidization velocities found for particle densities of 28, 122, and 
300 kg/m3. A modification to the Wen and Yu (1966) correlation is proposed as a means of 
improving the predictions associated with the experimental results produced for this research. 
The bed voidage, which is related to the bed expansion, was investigated experimentally and 
was found to increase with higher downward flow rates. A force balance model was developed 
for predicting bed voidage based on an analysis of the liquid-solid interaction forces acting on 
a suspended particle. In comparison with previous models, this model provides more reliable 
predictions of bed voidage and produces results that are more in agreement with the 
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Chapter 1  
1 General Introduction 
1.1 Background 
Liquid-solid fluidization refers to a two-phase system in which solid particles are 
suspended in a downward liquid flow. In practical applications, fluidization systems can 
involve the use of liquid-solid fluidized bed (LSFB) reactors as a means of improving the 
efficiency of the liquid-solid contact, thus resulting in enhanced mass and heat transfer. 
The increasing demand for these reactors in numerous fields, such as biochemical and 
petrochemical applications, wastewater treatment, food processing, and metallurgical 
engineering, has created considerable interest in the acquisition of a greater understanding 
of their hydrodynamic characteristics (Epstein, 2003). 
Examples of LSFBs are shown in Figure 1.1. Two distinct LSFB configurations are 
possible: an upward liquid-solid fluidized bed (U-LSFB) and an inverse, or downward, 
liquid-solid fluidized bed (I-LSFB). In a U-LSFB, solid particles whose density is greater 
than that of the liquid sink to the bottom of the column (riser) with little or no liquid flow 
rate; this type of fluidized bed is referred to as a fixed bed. In a conventional fluidization 
regime, when the drag and buoyancy forces due to the continuous upward flow of the liquid 
overcome the gravitational force acting on the solid particles, the particles become 
fluidized. In contrast, in an I-LSFB, the density of the particles is less than that of the liquid, 
causing the particles to float to the top of the column, which is generally referred to as the 
downer. In an I-LSFB, the particles are fluidized due to the continuous downward flow of 




Figure 1.1: Schematic diagrams of typical LSFBs: (a) U-LSFB and (b) I-LSFB. 
1.1.1 Inverse liquid-solid fluidized bed regimes 
In I-LSFBs, the flow regime is dependent primarily on the downward liquid flow rate or 
the superficial liquid velocity, as illustrated in Figure 1.2. When the superficial liquid 
velocity, 𝑈𝑙, is lower than the minimum fluidization velocity, 𝑈𝑚𝑓, the bed is considered 
to be a fixed bed regime, as the buoyancy force on the solid particles dominates. When the 
𝑈𝑙  value is greater than the 𝑈𝑚𝑓, the solid particles become fluidized as the downward drag 
and gravitational forces overcome the upward buoyancy force. At this point, the liquid-
solid system is governed by a conventional fluidization regime, which is characterized by 
the suspension of all solid particles in a continuous downward liquid flow rate, and a clear 
boundary is evident between the fluidized bed and the freeboard regions. When the 𝑈𝑙 
value is increased further, the fluidized bed region expands downward, and the height of 
the fluidized bed rises. When the 𝑈𝑙 exceeds the terminal velocity of the particles, 𝑈𝑡, the 
particles begin to entrain out of the bed (i.e., the solid particles are transported out of the 
bottom of the downer), and the clear boundary between the fluidized bed and the freeboard 
disappears. Under these conditions, the solid particles can be collected at the exit of the 
downer to be stored in another column (storage column). They can then be maintained in 
continuous circulation between the downer and the storage columns via a circulating 




























system operates according to a transport regime, and the concentration of the solids in the 
bed is considerably reduced. 
 
Figure 1.2: Superficial liquid velocities associated with I-LSFB flow regimes. 
LSFB bioreactors that operate under a conventional fluidization regime are commonly used 
for wastewater treatment. These aerobic reactors usually rely on microorganisms as 
catalysts, which are immobilized via attachment and growth as a biofilm on the surface of 
the support particles. The microorganisms use oxygen to oxidize organic substances 
present in the wastewater (Epstein, 2003). Chowdhury et al. (2009) constructed and tested 
a laboratory-scale LSFB bioreactor system under two configurations: aerobic, with a 
conventional fluidization regime using a column 1.6 m high with an internal diameter (ID) 
of 76 mm, and anaerobic (i.e., denitrification and phosphorus release), with a circulating 
fluidization regime involving a column with a 3.0 m height and a 20 mm ID. Based on 
promising laboratory results, a pilot-scale liquid-solid fluidized bioreactor with a capacity 
of 5000 litres/day has been constructed for treating municipal wastewater in London, 
Ontario, Canada. 
While both U-LSFB and I-LSFB conventional reactors have been the subject of numerous 
studies, I-LSFB reactors have recently received increased attention due to their 
effectiveness for diverse applications, particularly with respect to biological wastewater 
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treatment. A conventional I-LSFB reactor has been shown to be more efficient for this 
purpose than an analogous U-LSFB system (Choudhury and Sahoo, 2012).  
In a conventional I-LSFB, solid particles can be fluidized at lower liquid velocities, thus 
reducing particle attrition and saving energy (Fan et al., 1982). When compared to upward 
fluidization, inverse fluidization also involves fewer particle-particle collisions, resulting 
in minimal carryover of attached microorganisms (Renganathan and Krishnaiah, 2004). In 
inverse fluidization, biofilm thickness can also be controlled efficiently within a narrow 
range, thus avoiding increases in the thickness of the biofilm layer on the support surface 
of the particles. These advantages can have an impact on the bio-particles in the reactor 
(i.e., support particles plus biofilm), affecting properties such as their density and size 
(Karamanev and Nikolov, 1996). As well, in inverse fluidization, lighter particles are 
characterized by intense random movement during suspension because of their low degree 
of inertia. Compared to a U-LSFB reactor, an I-LSFB reactor consequently provides 
greater mass transfer rates between the liquid and the surface of the particles (Nikolov and 
Karamanev, 1991). 
For these reasons, the research presented in this thesis was concentrated on a detailed 
experimental investigation of the hydrodynamic characteristics that would be produced by 
flow regimes in an I-LSFB. The work reported here involved the exploration of the 
behaviour of solid particles with small sizes and low densities in a large-diameter column: 
compared to previous studies, the particle-to-column diameter ratio employed for this work 
was very small (
𝑑𝑝 
𝐷
< 0.005). The results of this research provide an essential foundation 
for the design and operation of an I-LSFB reactor, which is anticipated to play a vital role 
in biological wastewater treatment. 
1.1.2 Drag coefficient and terminal particle velocity 
 According to Newton’s law describing the free settling of a single particle, when a particle 
falls in a stagnant fluid, prior to achieving an equilibrium state, the particle is accelerated 
in a linear vertical trajectory by the forces acting on it. The force balance equation is                                          
                                                           𝐹𝑑 = 𝐹𝑏 − 𝐹𝑔                                                       (1.1) 
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where 𝐹𝑏 is the buoyancy force, 𝐹𝑑 is the drag force, and 𝐹𝑔 is the gravitational force. At 
an equilibrium state, the particle settles at a constant velocity (terminal particle velocity, 
𝑈𝑡). The terminal velocity of a single particle, 𝑈𝑡, in a continuous liquid medium can thus 
be written as  












                                            (1.2)   
where 𝑔 is the gravitational acceleration rate; 𝑑𝑝 is the particle diameter; 𝐶𝐷 is the drag 
coefficient; and 𝜌𝑙, 𝜌𝑝 represent the liquid and the particle densities, respectively. 
1.2   Characteristics of a conventional I-LSFB 
Comprehensive studies have been carried out with the goal of identifying the 
hydrodynamic characteristics of a conventional I-LSFB reactor: drag coefficient, pressure 
drop, bed expansion, and minimum fluidization velocity. Previous focus has been on 
particles with greater densities that approach that of the liquid, such as water, and on small 
column diameters, usually less than 10 cm (Choudhury and Sahoo, 2012). Table 1.1 lists 
the physical properties of particles and fluidized columns that have been employed in 
previous studies. 



















900, 944, 915 1.89, 1.5 47, 72 Das et al. (2015) 
Acrylic 







Polyethylene 5, 6, 8 910, 930, 946 2.73 76 Lee et al. (2000) 
Polyethylene 10 388 1.3 60 
Garcia et al. 
(1998) 
Polyethylene 6, 8 940, 830 1.8 90 
Lakshmi et al. 
(2000) 










2.73 76 Fan et al. (1982) 
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1.2.1 Pressure gradient in a fluidization bed 
The total pressure gradient through a liquid-solid fluidization bed is employed for 
determining the frictional pressure gradient due to the friction between the liquid and the 
particle surface, which is also used for establishing the minimum fluidization velocity in 
the reactor. According to Lee et al. (2000), in an I-LSFB, the overall pressure gradient of 





, is given as  
















is the frictional pressure drop, 𝜌𝑙 is the liquid density, and z is the height 
of the bed. 
1.2.2 Minimum fluidization velocity 
In fluidization systems, a minimum fluidization velocity marks the start of a conventional 
fluidization regime. In general, the minimum fluidization velocity is determined from the 
pressure gradient associated with the flow through the fixed bed. In an I-LSFB, fluidization 
starts at the point where the frictional pressure gradient through the bed equals the net 
buoyant force per unit area (Lee et al., 2000). Fr non-spherical particles, the most common 
correlation employed for representing the pressure gradient of the fixed bed is the Ergun 
equation (1952), given as          





















                        (1.4) 
where ∅ is the sphericity of a particle, which is equal to 1 for a spherical particle; 𝜀 is the 
fraction of the total fluidized bed volume that is occupied by the fluid; and 𝜇𝑙 is the liquid 
viscosity. At a minimum fluidization velocity, the frictional pressure gradient that equals 

















3       (1.5) 
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If the above equation is rearranged as a function of the Reynolds number (Re) based on the 
Umf (Remf) and the Archimedes number (Ar), then  










= 0                                               (1.6) 
Wen and Yu (1966) simplified and generalized the Ergun equation at a minimum 
fluidization velocity as follows:  
                                                     𝑅𝑒𝑚𝑓 = √𝐶1
2 + 𝐶2𝐴𝑟 − 𝐶1                                       (1.7) 
where 𝑈𝑚𝑓 is the superficial liquid velocity at the fixed bed starts fluidization; 𝜀𝑚𝑓 is the 
bed voidage at the minimum fluidization velocity; 𝑅𝑒𝑚𝑓 is the Re value based on the 𝑈𝑚𝑓; 
and 𝐶1 and 𝐶2 have constant values of 33.7 and 0.0408, respectively.  
1.2.3 Bed expansion  
For a conventional fluidization regime, in which the total height of the fluidized bed is 
dependent on the superficial liquid velocity, the bed expansion, or bed voidage, which is 
defined as a ratio of the volume of liquid to the total volume of the bed, constitutes a 
significant design and operation parameter for fluidized bed reactors. A number of 
correlations are based on the velocity-voidage relationship, which can be used for 
predicting bed expansion. In an initial study in 1982, Fan et al. conducted comprehensive 
studies of available bed expansion correlations with respect to conventional upward liquid-
solid fluidization. Based on their bed-expansion data for an inverse fluidization system, 
they found that after modifying the 𝑛 index in the Richardson-Zaki (1954) equation, that 
equation agreed well with the experimental data. The Richardson-Zaki equation is as 
follows: 
                                         
𝑈𝑙
𝑈𝑡
= 𝜀𝑛                                                                       (1.8) 
where 𝑛 is the Richardson-Zaki index, 𝑈𝑡 is the terminal velocity of the particle, and  𝑈𝑙 is 
the superficial liquid velocity. The 𝑛 index is a constant at a high Re value (𝑅𝑒𝑡 > 500) in 
a Newton flow regime. At transition flow regime (1 < 𝑅𝑒𝑡 < 500) , the index n is 







1.3 Literature review 
1.3.1 Hydrodynamics of a conventional I-LSFB  
In theory, the flow behaviour of a free-falling heavy particle in a U-LSFB should resemble 
that of a free-rising light particle in an I-LSFB because the forces exerted on the particles 
are identical but in different directions. Nevertheless, Karamanev and Nikolov (1992a) 
proved experimentally that light particles do not follow the behaviour of a free-falling 
particle. They showed that a light particle whose density is less than 300 kg/m3 
accelerates and settles at a constant velocity in a spiral trajectory due to its reduced inertia. 
The authors compared the drag coefficients of light particles to those of heavy particles 
based on the standard drag curve shown in Figure 1.3. When the value of 𝑅𝑒𝑡 is less than 
130, the drag coefficients of heavy and light particles are the same, but the drag forces are 
in different directions. However, when the   𝑅𝑒𝑡  value is greater than 130, the drag 
coefficient of the light particles, which is approximately 0.95, is greater than that of the 




an I-LSFB is approximately 32 % lower than the 𝑈𝑡  value in a U-LSFB for the same 
particle size and an equivalent difference between the densities of the particle and the 
liquid.  
 
Figure 1.3: Comparison of the drag coefficients of light and heavy particles 
(Karamanev and Nikolov, 1992a). 
9 
 
According to Lee et al. (2000), the minimum fluidization velocity is the liquid velocity at 
which the total pressure gradient in the fluidized bed is at a minimum. In another study, 
Renganathan and Krishnaiah (2005) reported that fluidization occurs when the pressure 
drop across the bed equals the net buoyant force per unit area. Lakshmi et al. (2000) 
proposed a dimensionless correlation obtained from the data related to the Re and Ar 
values. Based on their experimental data and previous data, they used this correlation for 
predicting the value of 𝑈𝑚𝑓 and found that the 𝑈𝑚𝑓 value is independent of the initial bed 
height but that it increases with larger particle sizes and decreases according to density. 
However, these studies covered only large particle size𝑠 (4 < 𝑑𝑝 < 8𝑚𝑚) and a limited 
range of particle densities that were close to the density of the liquid (water). 
Karamanev and Nikolov (1992b) attempted to improve the agreement between their bed-
expansion data for inverse fluidization and the Richardson-Zaki equation by using the 
terminal particle velocity from the modified standard drag curve for a free-rising particle. 
Karamanev (1996) proposed a simple correlation, which is a function only of the Ar 
number, rather than of the 𝑅𝑒𝑡 number, for determining the drag coefficient, CD, which is 
then employed to calculate the terminal particle velocity used in the Richardson and Zaki 
equation. This correlation is accurate for both upward and inverse conventional 
fluidizations since the Ar number is defined as the ratio of the net affective gravitational 
forces to the viscous force, all of which are exerted on the suspended particles in a 
conventional fluidization regime. on the one hand, the  𝑅𝑒𝑡 number is defined as the ratio 
of the momentum force and the viscous force on the moving particles. Therefore, the 
definition of drag coefficient CD and bed expansion, n, based on Ar would be theoretically 
more reasonable and observable than Ret. 
A force balance method was proposed by Yang and Renken (2003), who developed a new 
correlation for predicting bed voidage based on an analysis of the forces that act on a solid 
particle during fluidization. Although the additional parameters they introduced increased 
the complexity of this correlation, its benefit is that both the physical properties and the 
operating conditions of the system were incorporated. However, this correlation was 
proposed only for U-LFSB systems. Das et al. (2015) recently suggested an empirical 
correlation as a function of the static bed height, the Ar and Re values, and the ratio of the 
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column diameter to the particle diameter (
𝐷
𝑑𝑝
). They used the function to predict the bed 
expansion of an inverse fluidized bed reactor with an ID of 72 mm and a variety of 
polymeric particles. However, their correlation was applicable only for non-Newtonian 
liquids (solutions of cellulose sodium).  
In summary, previous studies of the hydrodynamic characteristics of conventional I-LSFBs 
involved the investigation of the use of a reactor with a column diameter of less than 100 
mm. A need thus exists for an examination of the effect of larger column diameters on 
hydrodynamic characteristics, particularly at low 𝑅𝑒𝑡 and Ar values, since column diameter 
has a significant impact on reactor flow. Most previous work related to inverse liquid-solid 
fluidization has been focussed on an exploration of the hydrodynamic characteristics of a 
wide range of particle densities for comparatively large particle sizes. Experimental data 
for low particle densities and small particle sizes are lacking. An assessment of the unique 
behaviour of such particles can provide beneficial background for acquiring an 
understanding of and potentially enhancing reactor performance. 
1.3.2 Solid particle selection 
Due to their impact on the hydrodynamics of a reactor, the physical properties of particles, 
such as density and size, play a significant role in the performance of an I-LSFB reactor. 
Choudhury and Sahoo (2012) reviewed the research related to inverse fluidization bed 
reactors. They reported that few published studies involved particles with densities less 
than 300 kg/m3 and with small diameters. In a conventional inverse fluidization regime, 
the random motion of very light particles offers advantages such as a high particle-fluid 
mass transfer rate. Such small-diameter particles also provide a large contact surface area 
between their surfaces and the liquid, a feature essential for wastewater treatment 
applications. Because of the unique characteristics of light particles, this work was targeted 
at examining the characteristics of conventional I-LSFBs with small-sized (𝑑𝑝 ≈
1𝑚𝑚) solid particles lighter than 300 kg/m3. 
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1.4 Thesis objectives  
The goal of the research conducted for this thesis was to establish the hydrodynamic 
characteristics of an I-LSFB reactor operating under a conventional fluidization regime. 
The hydrodynamic characteristics examined were the total and frictional pressure drops 
across the bed, the minimum fluidization velocity, and the bed voidage. Specific thesis 
objectives were as follows: 
• Study the hydrodynamic characteristics of an I-LSFB with a large-diameter column 
(i.e., relevant for scale-up studies). The experiments conducted were focussed on 
the impact of particle densities (𝜌𝑝 < 300
𝑘𝑔
𝑚3
) and aimed at improving the design 
and operation of pilot- and industrial-scale I-LSFB reactors.  
• Investigate the transition between fixed and conventional inverse fluidization 
regimes for free-rising particles (𝜌𝑝 < 300
𝑘𝑔
𝑚3
) with small particle sizes, with 
specific attention focussed on minimum fluidization liquid velocity. From a 
practical perspective, this parameter is crucial for designing and operating I-LSFB 
reactors. 
• Examine the distribution of solids in conventional inverse liquid-solid fluidization 
based on characterization of the global solids holdup, and also study the effects of 
low particle density and small sizes on global distribution.  
• Develop a force balance model based on an analysis of the liquid-solid interaction 
forces exerted on a suspended particle, with the goal of predicting the bed voidage 
of an inverse liquid-solid bed for laminar, intermediate, and Newton flow regimes.  
1.5 Methodology 
1.5.1 Experimental setup 
Figure 1.4 shows a schematic diagram of the I-LSCFB system used in this work. The 
system consists of a Plexiglas downer column (reactor) with a 0.2 m ID and a height of 5.4 
m. The main liquid distributor installed at the top of the downer comprised multiple pipes 
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covered by a mesh that prevents light solid particles from exiting the column. The system 
also includes two interconnected water tanks that act as the water source for the entire 
system. Water is pumped from one of the tanks to the main liquid inlet into the main liquid 
distributor at the top of the downer. To ensure the absence of any air bubbles in the column 
downer during the experiments, the liquid return pipe is positioned at the maximum height 
of the system, just ahead of the point where the liquid is returned to the tank. Six pressure 
ports are installed at different heights (84 mm, 379 mm, 734 mm, 1094 mm, 1444 mm, and 
1794 mm) below the main liquid distributor and are connected by tubes to six manometers 
as a means of measuring the pressure profile across the fluidized bed. Solid particles are 
loaded into the downer from the top through the solids feed pipe. At the top downer, the 
solid packed particles are carried out downward by the water flow in the downer to be 
fluidized under a conventional inverse fluidization regime. 
 
Figure 1.4: Schematic of the experimental I-LSFB system. 
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1.5.2 Measurement techniques  
Experimental studies conducted for this research included measuring the total and frictional 
pressure drop in order to determine the minimum fluidization velocity and bed expansion. 
Chapters 2 and 3 explain the techniques employed for establishing these parameters. The 
pressure ports in the experimental system were connected by tubes as a series of 
manometers, which were used for measuring the average solids holdup as well as the total 
and frictional pressure drops across a bed. Manometers, however, are subject to limitations. 
The first is that the high hydrostatic pressure at different heights of both columns makes 
them inconvenient to use. To overcome this difficulty, the ends of the manometers were 
connected to a tank full of air under a specified pressure in order to prevent any overflow 
of water out of the manometers so that they could be read easily. A second challenge is that 
the surface tension can also cause errors due to capillary rise. This complication was 
avoided through the use of tubes with sufficiently large diameters. A final obstacle is that 
the pressure ports might be blocked by solid particles or by air bubbles. For this reason, 
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2. Minimum Fluidization Velocity of an Inverse Liquid-Solid 
Fluidized Bed  
2.1 Introduction  
Inverse liquid-solid fluidized beds (I-LSFBs) have recently become a topic of increased 
attention, particularly with respect to their use in wastewater treatment bioreactors (i.e., 
particle-supported biofilms) due to their advantages compared to conventional upward 
liquid-solid fluidized beds (U-LSFBs). Solid particles in an inverse configuration can be 
fluidized at relatively low liquid velocities, thus reducing solid particle attrition and 
enabling the efficient control of biofilm thickness (Renganathan and Krishnaiah, 2004). 
The flow behaviour of free-rising light particles in inverse liquid-solid fluidization was 
initially thought to be analogous to that of free-falling heavy particles in upward liquid-
solid fluidization. However, Karamanev and Nikolov (1992a) demonstrated 
experimentally that light particles with densities less than 300 kg/m3 do not follow the 
standard drag curve related to free settling due to their spiral trajectories during free rising, 
which result from their low levels of inertia. In this study, these particles are of particular 
interest because their drag coefficients have been shown to deviate from the standard drag 
curve.  
Minimum fluidization velocity is a hydrodynamic parameter essential for designing, 
identifying the range of operation, and establishing the scale-up potential of a fluidized bed 
bioreactor. Fluidization occurs when the frictional pressure drop across a fixed bed equals 
the net buoyant force per unit area (Renganathan and Krishnaiah, 2005). A well-known 
expression for representing the pressure drop through a fixed bed is the Ergun (1952) 
equation, which is applicable for a wide range of Reynolds numbers (Re) and non-spherical 
particles. Many of the correlations for predicting minimum fluidization velocity reported 
in the literature are based on a modified version of the Ergun equation and involve 
experiments that evaluate the impact of limited range of particle properties (e.g., density 
and size). Wen and Yu (1966) proposed a generalized correlation for predicting the 
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minimum fluidization velocity associated with liquid-solid fluidization. It was based on the 
following simplification of the Ergun equation: 
                            𝑅𝑒𝑚𝑓 = √𝐶1 + 𝐴𝑟𝐶2 − 𝐶1                                                     (2.1) 
Their correlation was derived from the results of experiments that incorporated no spherical 
particles and a wide range of Re values at a minimum fluidization velocity (0.001 < 𝑅𝑒𝑚𝑓 
< 4000). It was defined in terms of the fluid-solid Archimedes number (Ar) and two 
constant parameters: C1 and C2 , which are the only functions in sphericity (𝛷), and the 
value of the bed voidage (𝜀𝑚𝑓) at the point of minimum fluidization velocity. Since the 
Wen and Yu (1966) correlation was published, subsequent studies have entailed fitting the 
constant parameters, C1 and C2, or modifying them, as in Richardson's (1971) correlation 
for gas-liquid-solid fluidized beds and upward liquid fluidized beds. Many authors have 
proposed and then modified correlations for predicting the value of 𝑈𝑚𝑓 based on limited 
experimental I-LSFB data and materials. However, both the Wen and Yu (1966) and the 
Richardson (1971) correlations are still commonly accepted correlations, whether applied 
directly or following modifications, because they are simple and dependent only on the Ar 
value and constant parameters C1 and C2, as indicated in Table 2.1. 
Table 2.1: Constant parameters for Equation (2.1). 
Authors 𝐶1 𝐶2 
Wen and Yu (1966) 33.7 0.0408 
Richardson (1971) 25.7 0.0365 
 
2.2 Literature review 
Karamanev and Nikolov (1992b) compared their experimental data for minimum 
fluidization velocity to available correlations and found that the Richardson (1971) 
correlation was the best fit for their experimental results. They employed a glass column 
bioreactor with an 80 mm diameter, a height of 1.3 m, and 12 kinds of solid particles. 
Although those solid particles were characterized by six levels of low density (75 kg/m3, 
96 kg/m3, 155 kg/m3, 159 kg/m3, 201 kg/m3, and 292 kg/m3), their 𝑅𝑒𝑚𝑓  values based on 
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the Umf were high (91.298, 48, 187, 167, and 17, respectively), due to their large sizes (1.55 
mm to 7.24 mm). 
Ulaganathan and Krishnaiah (1996) employed particles with four levels of density (126 
kg/m3, 216 kg/m3, 280 kg/m3, and 534 kg/m3) and respective particle sizes (20 mm, 12.5 
mm, 12.5 mm, and 12.9 mm), with a high Reynolds number (𝑅𝑒𝑚𝑓 > 900). To predict the 
minimum fluidization velocity, they proposed an empirical correlation that represents the 
pressure drop during two and three phases of an inverse fluidized bed. Lakshmi et al. (2000) 
developed a correlation involving dimensionless Re and Ar values as a means of predicting 
the minimum fluidization velocity. They reported that the value of 𝑈𝑚𝑓 is independent of 
the initial static bed height and that it rises with an increase in solid particle size and a 
decrease in solid particle density.  
Lee (2001) investigated the minimum fluidization velocity for both upward and inverse 
liquid-solid fluidized bed systems by using heavy (1021 kg/m3, 1280 kg/m3, and 2230 
kg/m3) and light (910 kg/m3, 930 kg/m3, and 946 kg/m3) solid particles with identical 
particle sizes of 5.8 mm. He concluded that the minimum fluidization velocity for both 
systems increases with rising Ar values and found that the experimental results for the 
minimum fluidization velocities of both systems were in good agreement with predictions 
calculated using the Ergun equation. 
Renganathan and Krishnaiah (2003) reported that the Wen and Yu (1966) correlation fit 
their experimental Umf data for an I-LSFB. A wide range of solid particle densities (250 
kg/m3 to 917 kg/m3) were used in this study; however, it included only one particle whose 
density was less than 300 kg/m3 but with a large diameter (𝑑𝑝 = 12.6 𝑚𝑚), resulting in 
high Ar and Remf values at the minimum fluidization velocity. 
Das et al. (2010) measured the minimum fluidization velocity for inverse liquid-solid 
fluidization experimentally using four different solid particle shapes: a sphere, two types 
of cylinder, and a disc. The respective particle densities were 915 kg/m3, 919 kg/m3, 944 
kg/m3, and 900 kg/m3, and four concentrations of carboxymethyl cellulose were employed 
as a non-Newtonian liquid. The authors proposed an empirical correlation for predicting 
the minimum fluidization velocity as a function of the physical and operating properties of 
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the system. They compared their experimental data to those produced by the Wen and Yu 
(1966), Ulaganathan and Krishnaiah (1996), and Lakshmi et al. (2000) correlations and, 
with respect to the Re values associated with the minimum fluidization velocity, found 
average absolute relative errors (AAREs) of 96.046 %, 76.19 %, and 80.33 %, respectively.   
The above literature review demonstrates that most studies of minimum fluidization 
velocity in I-LSFBs have been focussed on a wide range of particle densities and sizes; 
however, the experimental results at low particle densities (ρ < 300 kg/m3) have generally 
been obtained with larger particle sizes, resulting in high Ar and Remf values. The work 
conducted for this thesis established the behaviour of minimum fluidization velocities, 
specifically in an I-LSFB with low-density ( 𝜌𝑝 < 300 
𝑘𝑔
𝑚3
) and smaller-sized (𝐴𝑟 <
16000 𝑎𝑛𝑑 𝑅𝑒𝑚𝑓 < 20) particles.  
2.3 Experimental setup  
A schematic of the experimental I-LSFB system is presented in Figure 2.1. As previously 
described, the Plexiglas downer column has an internal diameter of 0.2 m and a height of 
4.5 m. A liquid distributor was installed at the top of the downer, and mesh was placed 
under the liquid distributor to support the solid particles in the column. The liquid (tap 
water) was pumped from the liquid reservoir through calibrated rotameters to the 
distributor at the top of the column and then returned from the bottom of the column to the 
reservoir. To ensure that the column downer contains no air bubbles during experiments, 
the liquid return pipe is located at the maximum height in the system, at the point where 
the liquid is returned to the reservoir. Six pressure ports were installed to be level at 
different heights along the downer column: 84 mm, 379 mm, 734 mm, 1094 mm, 1444 
mm, and 1794 mm below the main liquid distributor. To measure the pressure profile 
across the fluidized bed, these ports were connected to six manometers by tubes. The open-
end manometers were attached to a pressurized tank so that the water height could be 
controlled by adjustments to tank pressure. To cover a range of I-LSFB operating 
conditions, liquid flow rates were varied through the use of rotameters, which were 
calibrated according to measurements of the volume of flow liquid at a specified time 
following its exit from the bottom column. The physical properties of all of types of 
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spherical solid particles used in this study are indicated in Table 2.2. All experiments were 
carried out at room temperature (25 ℃). 
 
Figure 2.1: Schematic of the inverse liquid-solid fluidized bed system. 
2.4 Frictional pressure drops measurements   
In a fixed/fluidized liquid-solid fluidized bed, the total pressure drop through the bed is 
equal to the hydrostatic pressure drop due to the liquid weight plus the frictional pressure 
drop due to the frictional force between the liquid and the surface of the solid particle. This 
relationship can be written as  
                            ∆𝑃𝑡𝑜𝑡𝑎𝑙,𝑏𝑒𝑑 = −ℎ0𝜌𝑙𝑔 + ∆𝑃𝑓,𝑏𝑒𝑑                                           (2.2) 
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The frictional pressure gradient across the bed was measured with the use of the ports on 
the column wall, which were connected to manometers. Visual observations of the different 
heights of the liquid in the manometers were recorded while the velocity of superficial 
liquid in the downer column was varied. To measure the frictional pressure drop across the 
bed experimentally, two ports, 𝑃1 and 𝑃2, were employed, with 𝑃1  installed close to the 
bed distributor and 𝑃2 installed appropriately low in the freeboard, as shown in Figure 2.2. 
The following equation defines the pressure drop between 𝑃1 and 𝑃2 inside the bed:  
                            𝑃1 − 𝑃2 = ∆𝑃𝑡𝑜𝑡𝑎𝑙,𝑏𝑒𝑑 + ℎ2𝜌𝑙𝑔.                                            (2.3) 
At the same time, the pressure at ports 𝑃1 and 𝑃2 can be calculated with the use of the 
manometers, as follows: 
                                     𝑃1 = ℎ1 𝜌𝑙𝑔 + ℎ𝑓 𝜌𝑙𝑔 + 𝑃𝑔                                                        (2.4) 
                              𝑃2 = ℎ2 𝜌𝑙𝑔 + ℎ𝑂 𝜌𝑙𝑔 + ℎ1 𝜌𝑙𝑔 + 𝑃𝑔                                              (2.5) 
Substituting Eq. (2.4) and (2.5) into Eq. (2.3) enables the total pressure drop through the 
bed to be rewritten as follows: 
                                   ∆𝑃𝑡𝑜𝑡𝑎𝑙,𝑏𝑒𝑑 = −ℎ0𝜌𝑙𝑔 + ℎ𝑓 𝜌𝑙𝑔                                                  (2.6) 
A comparison of Eq. (2.2) and Eq. (2.6) allows the frictional pressure drop across the bed 
to be calculated from the manometer readings, as follows: 




Figure 2.2: Schematic of manometers used for measuring the pressure drop in the 
bed. 
2.5 Results and discussion 
2.5.1 Minimum fluidization measurement 
The minimum fluidization velocity is defined as the lowest superficial liquid velocity at 
which the drag force acting on the solid particles due to the downward liquid flow 
overcomes the upward buoyancy force of the solid particles. For increasing liquid flow 
rates (fluidization) and decreasing liquid flow rates (defluidization), Figures 2.3(a) and 
2.3(b) indicate the results of the frictional pressure drop method and the bed height method, 
respectively. Figure 2.3(a) shows that the frictional pressure drop profiles are similar for 
both fluidization and defluidization. In Figure 2.3(b), the bed height is higher during 
fluidization than during defluidization. This finding is reasonable because the bed was 
initially more porous. It should be noted that these results also indicate that the 
measurement methods were reliable since comparable results were obtained with either 




Figure 2.3: Minimum fluidization velocity measurements of increasing and 
decreasing superficial liquid velocity based on (a) the Frictional pressure drop 




A function of the superficial liquid velocity. At low liquid flow rates, the bed height 
remains constant as a fixed bed of particles since the drag force due to the downward liquid 
flow is insufficient to overcome the net buoyant force of the solid particles, which acts in 
the direction opposite to that of the liquid flow. With increasing downward liquid flow 
rates, and once the frictional pressure drop across the fixed bed equals the net buoyant force 
per unit in the cross-sectional bed area, the bed height begins to increase in a downward 
direction. The minimum fluidization velocity can be determined experimentally at the 
intersection of the linear bed height of a fixed bed and the linear bed height of a fluidized 
bed, which is quite evident in Figures 2.4, 2.5, and 2.6. The minimum fluidization velocity 
obtained using the frictional pressure drop method is in agreement with the results from 
the bed height method; the comparison is clearly displayed in Figures 2.4, 2.5, and 2.6. In 
general, in an I-LSFB, the minimum fluidization velocity rises with increases in solid 
particle diameter and with decreases in solid particle density because the buoyant force 




Figure 2.4: Minimum fluidization velocity measurements using (a) the frictional 
pressure drop method and (b) the bed height method with varied superficial liquid 





Figure 2.5: Minimum fluidization velocity measurements using (a) the frictional 
pressure drop method and (b) the bed height method with varied superficial liquid 




Figure 2.6: Minimum fluidization velocity measurements using (a) the frictional 
pressure drop method and (b) the bed height method with varied superficial liquid 
velocities for a solid particle density 300 kg/m3. 
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2.5.2 Comparison with previous Umf correlations 
As mentioned in the literature review, the Wen and Yu (1966) and Richardson (1971) 
correlations for predicting minimum fluidization velocity are among those most commonly 
used for assessing inverse liquid-solid fluidization systems. The experimental minimum 
fluidization velocities obtained in this study were compared with the Wen and Yu (1966) 
and Richardson (1971) correlations, as indicated in Table 2.2. The experimental data for 
ten kinds of particles from Karamanev and Nikolov (1992b) were also included in this 
comparison since their particles encompass a wide range of sizes and densities.  
Table 2.2: Comparison of the experimental data of Umf for solid particles predicted 














































































































































Figure 2.7 provides a comparison of the minimum fluidization velocities (𝑈𝑚𝑓) predicted 
by the Wen and Yu (1966) and Richardson (1971) correlations with the experimental 
results for the particles whose properties are presented in Table 2.2. The filled-in symbols 
show the results of this study for particle densities of 28 kg/m3, 122 kg/m3, 300 kg/m3, and 
638 kg/m3, and the outlined symbols represent the work of Karamanev and Nikolov 
(1992b). The minimum fluidization velocity of the particles whose densities range from 75 
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kg/m3 to 930 kg/m3, as described by Karamanev and Nikolov (1992b), were predicted by 
the Wen and Yu (1966) and Richardson (1971) correlations within a ± 30 % error. In this 
study, the experimental Umf results for 638 kg/m
3 particles compared well with the Umf 
values predicted by the Wen and Yu (1966) and Richardson (1971) correlations, with errors 
of 16 % and 4 %, respectively. However, the deviations for the Umf values for 28 kg/m
3, 
122 kg/m3, and 300 kg/m3 particles as predicted by both correlations are greater than ± 40 
% when compared with their experimental minimum fluidization velocity data. The 
deviations may be due to the limited Wen and Yu (1966) and Richardson (1971) correlation 
ranges for predicting the minimum fluidization of particles: 28 kg/m3, 122 kg/m3, and 300 
kg/m3, with smaller sizes, as shown in Table 2.2. 
 
Figure 2.7: Comparison of experimental and predicted Umf values with the Wen and 
Yu (1996) and Richardson(1971) correlations. Filled-in symbols represent data from 
this study, and outlined symbols represent data from Karamanev and Nikolov 
(1992b). 
 
To demonstrate the effect of particle density and the Ar value on predictions of the 




with respect to the absolute relative error (ARE) compared to the Umf values predicted by 
the Wen and Yu (1966) and Richardson (1971) correlations. The Umf AREs were plotted 
as a function of particle density, as displayed in Figure 2.8. It can be noted that the Umf 
value for a solid particle of 638 kg/m3 predicted by the Wen and Yu (1966) and Richardson 
(1971) correlations is in good agreement with the experimental results: AREs of 16 % and 
4 %, respectively. As expected, for particle densities of 28 kg/m3, 122 kg/m3, and 300 
kg/m3, the Umf predictions were also a good fit with the experimental results, as were the 
predictions for the particle densities of 75 kg/m3, 96 kg/m3, 155 kg/m3, 159 kg/m3, 20 
kg/m3, and 292 kg/m3 from the Karamanev and Nikolov (1992b) study. Since all of these 
particles exhibit the same hydrodynamic behaviour, the minimum fluidization velocities of 
all of them as predicted by the Wen and Yu (1966) and Richardson (1971) correlations fit 
well with the experimental results, with AREs within 20 %. However, it is interesting to 
note that the respective Umf prediction AREs for the 28 kg/m
3, 122 kg/m3, and 300 kg/m3 
solid particles examined in this study were large: 53 %, 42 %, and 49 % with the Wen and 
Yu (1966) correlation and 46 %, 36 %, and 42 % with the Richardson (1971) correlation.  
 
Figure 2.8: Absolute relative Umf prediction error as a function of solid particle 
density. Filled-in symbols represent data from this study, and outlined symbols 
represent data from Karamanev and Nikolov (1992b). 
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As is evident with the Wen and Yu (1966) correlation, the Ar values of particles have a 
significant influence on the minimum fluidization velocity. This effect is confirmed by the 
results presented in Figure 2.9(a), which show that low particle densities of 28 kg/m3, 122 
kg/m3, and 300 kg/m3 with Ar numbers of 2160, 15590, and 8606 have large Umf prediction 
AREs of up to 40 % based on Wen and Yu (1966). These results are in contrast to those 
for the low 75 kg/m3, 96 kg/m3, 155 kg/m3, 159 kg/m3, 201 kg/m3, and 292 kg/m3 solid 
particle densities from the Karamanev and Nikolov (1992b) study, which have respective 
Ar values of 3390000, 115000, 1580000, 120000, and 26000. The Umf prediction AREs 




Figure 2.9: Absolute relative Umf prediction error as a function of the Ar value: (a) 
𝟎 < 𝑨𝒓 < 𝟒𝟎𝟎, 𝟎𝟎𝟎 ; (b) 𝟒𝟎𝟎, 𝟎𝟎𝟎 < 𝑨𝒓 < 𝟒𝟎𝟎𝟎, 𝟎𝟎𝟎. In (a), the filled-in symbols 
represent data from this study, and the outlined symbols represent data from 
Karamanev and Nikolov (1992b). 
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Although a solid particle with a density of 638 kg/m3 has a low 9500 Ar value, for solid 
particles up to 300 kg/m3, the Umf predictions according to the Wen and Yu (1966) and 
Richardson (1971) correlations are in good agreement with the experimental Umf values: 
AREs of 16 % and 4 %, respectively. With respect to the work presented here, it can be 
concluded that the Umf predictions for solid particles with densities of 28 kg/m
3, 122 kg/m3, 
and 300 kg/m3 and respective sizes of 0.8 mm, 1.13 mm, and 1mm from the Wen and Yu 
(1966) and Richardson (1971) correlations deviate significantly from the values obtained 
experimentally. The reason for the discrepancy between the experimental and predicted 
Umf values for those types of solid particles could be that the choice of particles was limited 
to a narrow range in terms of properties such as density and size, leading to low Ar and 
𝑅𝑒𝑚𝑓 values, as shown in Table 2.2.  
2.5.3 Modified Wen and Yu (1966) correlation  
When the AREs for Umf predictions were plotted as a function of the liquid-particle Ar 
values, as shown in Figure 2.9, it was interesting to note the presence of a new group of a 
free-rising particles whose properties were within narrow limits that prevented the 
prediction of their minimum fluidization velocity using the Wen and Yu (1966) and 
Richardson (1971) correlations. Based on this observation, this group was classified 




, 𝐴𝑟 < 26000, and 𝑅𝑒𝑚𝑓 < 20 ) . For this group of particles, the Wen and Yu 
(1966) correlation was therefore modified through the optimization of the constant 
parameters, C1 and C2, based on the experimental data for the bed voidage at the point of 
the minimum fluidization velocity, 𝜀𝑚𝑓. Using the experimental bed voidage at the Umf 
values for solid particles with densities of 28 kg/m3, 122 kg/m3, and 300 kg/m3, the C1 and 
C2 Wen and Yu (1966) correlation parameters were fitted to 25.1 and 0.0542, respectively. 
To enable Umf predictions with low AREs for the new group, the Wen and Yu (1966) 
correlation can thus be rewritten as follows: 
                         𝑅𝑒𝑚𝑓 = √(25.1)2 + 0.0542 ×  𝐴𝑟 − 25.1                            (2.11) 
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This modified correlation should be valid for free-rising particles within the applicable 
range of properties (𝜌𝑝 < 300
kg
m3
, 𝐴𝑟 < 16000, and 𝑅𝑒𝑚𝑓 < 20). 
Using the modified Wen and Yu (1966) correlation for Umf predictions reduced the AREs 
associated with the Umf predictions for the solid particles assessed in this work. For 
densities of 28 kg/m3, 122 kg/m3, and 300 kg/m3, the AREs dropped from 53 %, 42%, and 
49 % to 20 %, 9 %, and 16 %, respectively. When an attempt was made to include from 
the work of Karamanev and Nikolov (1992b) at least one kind of particle whose physical 
properties are close to the narrow range of those examined in this work, only one particle 
was found, which had a density of 292 kg/m3 and a size of 1.55 mm. Its Ar value was 
26000, which resulted in an increase in the Umf prediction ARE from 8 % to 19 %, which 
is reasonable, as indicated in Table 2.3.  
Table 2.3: Modified Wen and Yu correlation with C1=25.1 and C2=0.0542 for a 
limited range of solid particles (𝝆𝒑 < 𝟑𝟎𝟎
𝒌𝒈
𝒎𝟑











Umf [mm/sec]   





and Yu (1966) 
correlation 
ARE % 
28 0.8 6.126 8.3 7 53% 20% 
122 1.13 15.590 11.5 15 42% 9% 
300 1 8.606 8.5 10 49% 16% 








2.6 Conclusion  
The minimum fluidization velocity in an I-LSFB has been investigated experimentally 
using two different methods: the pressure drop profile and the bed height methods for four 
kinds of particles: those with densities of 28 kg/m3, 122 kg/m3, 300 kg/m3 and 638 kg/m3. 
The Wen and Yu (1966) and Richardson (1971) correlations have been shown to provide 
reasonable predictions of the minimum fluidization velocity for the study particles whose 
density is 638 kg/m3. However, for particles with densities of 28 kg/m3, 122 kg/m3, and 
300 kg/m3, and Ar values less than 16000, the Wen and Yu (1966) and Richardson (1971) 
correlations predict the minimum fluidization velocity, but with an ARE up to 40 %. Based 
on our experimental data for particle densities of 28 kg/m3, 122 kg/m3, and 300 kg/m3, the 
C1 and C2 constant parameters in the Wen and Yu (1966) correlation were therefore 
modified under specific conditions (𝜌𝑝 < 300
kg
m3
, 𝐴𝑟 < 16000, and 𝑅𝑒𝑚𝑓 < 20 )  in 
order to improve the minimum fluidization velocity predictions for these densities. The Umf 
prediction AREs were reduced from 53 %, 42 %, and 49 % to 20 %, 9 %, and 16 % for 
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3 Bed Voidage Predictions for Inverse Liquid-Solid 
Fluidized Beds  
3.1 Introduction 
Inverse liquid-solid fluidization refers to a two-phase system in which dispersed light solid 
particles, whose density is less than that of the liquid, are suspended in a downward fluid 
flow. Liquid-solid fluidization systems have been applied successfully in several 
applications such as biological processes, wastewater treatment, biochemical and 
petrochemical technology, and food processing. When upward liquid-solid fluidized beds 
(U-LSFBs) are compared to inverse liquid-solid fluidization, the latter systems offer 
advantages for practical applications. For example, light solid particles are characterized 
by intensive random movement, which improves liquid-solid contact efficiency and 
enhances mass and heat transfer in the system. In wastewater treatment, inverse liquid-
solid fluidization also enables biofilm thickness to be controlled efficiently (Renganathan 
and Krishnaiah, 2003). The increasing demand for liquid-solid reactors for many 
applications in the fields of food production processes, biochemical engineering, biological 
engineering, and particularly wastewater treatment (i.e., particle-supported biofilm) has led 
to considerable interest in acquiring a better understanding of the hydrodynamic 
characteristics associated with inverse liquid-solid fluidization configurations (Arun et al., 
2013). 
3.2 Literature review 
Bed voidage constitutes a significant parameter for the design, operation, and scale-up of 
fluidized bed bioreactors. Fan et al. (1982) first studied bed voidage in a conventional 
inverse liquid-solid fluidized bed (I-LSFB) and suggested three models for predicting bed 
voidage. The first model was based on the Richardson-Zaki equation (1954), which 
correlated bed voidage with the ratio of the superficial liquid velocity to the terminal 
particle velocity. The second model was based on the Wen and Fan (1974) correlation that 
employed a drag force function (f) to correlate the liquid drag force ratio in an inverse 
multi-particle fluidization system with that in a single-particle system. In the third model, 
38 
 
the height of the bed expansion was correlated directly with operating conditions and 
physical properties, such as particle size, particle density, and liquid velocity. Fan et al. 
(1982) concluded that the Richardson-Zaki equation, with a modified bed voidage index n, 
provided the best fit with their experimental data. For upward liquid fluidized beds, Khan 
and Richardson (1989) then modified and generalized the bed voidage index in the 
Richardson-Zaki equation to be a function of the Archimedes number (Ar) and the ratio of 
the particle diameter to the column diameter. 
The flow behaviour of free-rising light particles was initially thought to be similar to that 
of free-falling heavy particles since the forces exerted (i.e., drag and net buoyancy) on a 
single spherical particle have the same driving force but in opposite directions. However, 
Karamanev and Nikolov (1992a) demonstrated experimentally that light particles do not 
follow Newton’s law governing free-settling particles. It was interesting to observe that a 
light particle whose density is less than 300 kg/m3 or whose Reynolds number (Re), based 
on the terminal particle velocity (𝑅𝑒𝑡), is greater than 130 accelerates and settles at a 
constant velocity in a spiral trajectory. As a result, representing a deviation from the 
standard drag curve, the drag coefficient of a light particle is 0.95, which is greater than 
what the value of a standard drag curve would be according to Newton’s Law (i.e., 
approximately 0.44). The researchers found that an index n of the bed voidage calculated 
from the Fan et al. (1982) correlation deviated from the experimental data. They used the 
following Richardson-Zaki (1954) equation (Eq. (1.8)) to describe their experimental bed 
voidage data, as expressed in Eq. 3.2.1 to 3.2.4.  
                                                   
𝑈𝑙
𝑈𝑡
= 𝜀𝑛                                                             (3.1) 
where 𝑛 is the Richardson-Zaki index, 𝑈𝑡 is the terminal velocity of the particle, and  𝑈𝑙 is 
the superficial liquid velocity through the bed column. The value index, 𝑛, is dependent on 
the flow region of the liquid-solid fluidization, where it is constant in the Stokes region and 




) in the transition region. Its value is equal to 2.4 in the Newton region, as 
expressed in the following equations:  
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                                  𝑛 = 4.65                                                    𝑅𝑒𝑡 < 0.2                          (3.2.1) 




−0.1                       1 < 𝑅𝑒𝑡 < 200                 (3.2.2) 
                                  𝑛 = 4.4𝑅𝑒𝑡
−0.1                                          200 < 𝑅𝑒𝑡 < 500             (3.2.3) 
                                  𝑛 = 2.4                                                     𝑅𝑒𝑡 > 500 .                        (3.2.4) 
Karamanev (1996) proposed a correlation for estimating the drag coefficient for free-rising 
spherical particles, which is the only function of the Ar value with two conditions, as can 
be seen in Eq. (3.3) and (3.4). This correlation is accurate for conventional inverse liquid-
solid fluidization since the Ar value is defined based on the ratio of the difference between 
the gravitational and buoyancy forces, on one hand, and the viscous force on the other, all 
of which are exerted on a particle suspended in a conventional fluidization regime.  
 𝐶𝐷 = 0.95                                                       when                 𝐴𝑟 > 1.8 × 10
6𝑑𝑝
2         (3.3) 
 𝐶𝐷 = [
432
𝐴𝑟








]     when   𝐴𝑟 < 1.8 × 106𝑑𝑝
2         (3.4) 
Calderon et al. (1998) determined the bed voidage of an I-LSFB bioreactor experimentally 
using a solid particle with a low density of 213 kg/m3 and a column with a 0.08 m internal 
diameter (ID) and a 1 m height. They compared their bed voidage data to those produced 
by different models for predicting bed voidage for U-LSFBs and I-LSFBs, confirming the 
Richardson-Zaki equation only after substantiating 40 % of the terminal particle velocity 
values, which they established based on the standard drag curve. Their findings could be 
attributable to the fact that the drag coefficient of free-rising particles is greater than that 
of the free-settling particles proposed by Karamanev and Nikolov (1992a). Ulaganathan 
and Krishnaiah (1996) developed a different empirical correlation for predicting the bed 
voidage of an I-LSFB for large particles, with diameters of 20 mm,12.5 mm, 12.5 mm, and 
20 mm and low densities of 126 kg/m3, 216 kg/m3, 380 kg/m3, and 534 kg/m3, respectively.   
For solid particles whose densities were much closer to the density of the liquid (water), 
Lee and Dong (2015) found good agreement between experimental bed voidage data for 
inverse liquid-solid fluidization and the Richardson-Zaki equation. Yang and Renken 
(2003) developed a generalized correlation based on the equilibrium forces acting on a 
single particle suspended in a U-LSFB. However, their correlation is more complicated 
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because they added extra parameters, and the correlation governs only a U-LSFB. Brown 
and Lawler (2003) analyzed most of the experimental data from previous research as a 
means of establishing the free-settling velocity of a spherical particle. They concluded that, 
compared to other known correlations, Turton and Clark’s (1987) correlation provides a 
good level of accuracy (2.5 %) with respect to predicting the free-settling velocities of a 
spherical particle. 
Renganathan and Krishnaiah (2005) used Wallis’s (1969) drift velocity model to predict 
the bed voidage of inverse liquid-solid fluidization. The results were generally comparable 
to those produced using the Richardson-Zaki equation, with both methods being dependent 
on the relation between the relative velocities of the phases and the bed voidage. Andalib 
et al. (2012) provided a new definition for the bed voidage index in the Richardson Zaki 
equation and applied it to predict the bed voidage of biofilm-coated particles in an 
anaerobic biological fluidized bed, based only on the Ar value rather than on both the Ar 
and the Re values. As previously mentioned, Das et al. (2015) determined an empirical 
correlation for the bed expansion of an inverse liquid fluidized bed for a variety of 
polymeric particles, with densities of 900 kg/m3, 915 kg/m3, 919 kg/m3, and 944 kg/m3, 
and for four different non-Newtonian fluids. Their correlation was a function of static bed 
height, the Re, and the ratio of the particle diameter to the column diameter, but it was 
developed only for non-Newtonian liquids (solutions of cellulose sodium).  
The Richardson-Zaki equation is still a popular correlation used for predicting bed voidage 
in U-LSFBs and I-LSFBs. However, with respect to I-LSFBs, the literature review revealed 
that some authors have proposed their own empirical correlations or have modified the 
terminal particle velocities and/or the bed voidage index in the Richardson-Zaki equation 
so that the predictions would match their experimental bed voidage results. For this reason, 
the goal of the work conducted for this thesis was to propose a correlation for predicting 
the bed voidage of I-LSFBs based on an equilibrium analysis of the fundamental forces 
(i.e., effective buoyant and drag forces) that are exerted on a suspended solid particle. All 
of the experimental measurements were performed for a large-scale system incorporating 
a downer column bioreactor with an ID of 200 mm and a height of 4.5 m in order to 
minimize wall effects. To govern the transition and Newton regions in a conventional I- 
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LSFB, some experimental data from previous studies (Karamanev and Nikolov (1992b) 
and Lee (2001)) were also applied in this study. As well, the accuracy of the force balance  
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model was investigated via a comparison of three different models of the Richardson-Zaki 
equation: the Richardson-Zaki equation with terminal particle velocity calculated from 
Karamanev’s (1996) drag coefficient formula, the Richardson-Zaki equation with the bed 
voidage index computed based on the work of Khan and Richardson (1989), and the 
Richardson-Zaki equation with the terminal particle velocity established directly from the 
Brown and Lawler (2003) correlation. The properties of the solid particles employed in 
some of the previous work are summarized in Table 3.1. 
3.3 Experimental setup  
A schematic of the experimental I-LSFB system is shown in Figure 3.1. The Plexiglas 
downer column has an ID of 0.2 m and a height of 4.5 m. A liquid distributor was installed 
at the top of the downer, with multiple pipes covered by a mesh to keep light solid particles 
in the column. The liquid (tap water) was pumped from the reservoir through calibrated 
rotameters to the distributor at the top of the column and then returned to the reservoir at 
the bottom of the column. To ensure that the column downer does not contain any air 
bubbles during the experiments, the liquid return pipe is located at the maximum height in 
the system just ahead of the point where the liquid is returned to the reservoir. Six pressure 
ports were installed at different heights (84 mm, 379 mm, 734 mm, 1094 mm, 1444 mm, 
and 1794 mm) below the main liquid distributor and were connected to six manometers by 
tubes so that the pressure profile across the fluidized bed could be measured. The open-end 
manometers were attached to a pressurized tank so that the height of the water could be 
controlled via adjustments to the tank pressure. Liquid flow rates were varied to cover a 
range of I-LSFB operating conditions through rotameters, which were calibrated based on 
measurements of the volume of the flow liquid a specific times following its exit from the 
column. All of the experiments were carried out at room temperature (25 ℃) , the 




Figure 3.1: Schematic of the inverse liquid-solid fluidized bed system. 
3.3.1 Measurement techniques 
In an I-LSFB, when the liquid enters the downer column through the main liquid 
distributor, the liquid is often accompanied by air bubbles whose density is very low. The 
bubbles accumulate and are trapped in the fluidized bed downer column because its free-
rising characteristic occurs in the direction opposite to that of the flow, with a consequent 
significant effect on hydrodynamic measurements. For this reason, prior to each 
experimental test, it was essential to release all air bubbles from the fluidized bed column 
using a valve installed at the top of the downer column. The steady-state operation was 
determined via the monitoring of pressure drops in the manometers. The physical 




















3.3.2  Average phase holdups 
The average solids holdup (solid phase) was determined using the pressure drop method, 
whereby the pressure drop along the fluidized bed is measured with manometers. Visual 
observations of the different heights of the liquid in the manometers were recorded for a 
variety of superficial liquid velocities in the downer column. For example, the average 
solids holdup can be calculated from the manometers deployed as shown in Figure 3.2, and 
the pressure balance between two manometers can be calculated as follows:  























































































































where  ℎ𝑚 is the height difference between the manometers; ∆ℎ is the distance between the 
pressure ports; 𝜀𝑠  is the average solids holdup; and 𝜌𝑙 and 𝜌𝑠  are the liquid and solid 
densities, respectively. Simplifying Eq. (3.5) yields the average solids holdup, as follows: 






                                                             (3.6) 
The average bed voidage 𝜀 (liquid holdup) can be obtained based on the fact that the sum 
of the solids and liquid holdups must equal unity:   
                                       𝜀 = 1 − 𝜀𝑠                                                  (3.7) 
 
Figure 3.2: Schematic diagram of manometers used for measuring average solid 
holdup. 
In the Richardson-Zaki equation, the index parameter n can be determined experimentally 
if Eq. (3.1) is linearized as follows: 
                            𝐿𝑛 𝑈𝑙 = 𝑛 𝑙𝑛(𝜀) + ln 𝑈𝑡                                                         (3.8) 
When Eq. (3.8) is plotted using experimental 𝑈𝑙 and 𝜀 data for each solid particle, the n 
index is determined from the slope of Eq. (3.8), and the terminal particle velocity of a single 
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particle is defined at a bed voidage equal to 1. In this study, the experimental bed voidage 
data for solid particles with densities of 28 kg/m3, 122 kg/m3, 300 kg/m3, and 638 kg/m3 
were used for obtaining values for the n parameter: 3.1, 2.97, 3, and 2.6, respectively. It 
should be noted that the values of the n parameter are located between the constant values 
4.65 and 2.4 of the Stokes and Newton flow regimes, respectively. 
3.4 Analysis of the force balance acting on a suspended 
particle 
In an inverse fluidization system in which the density of a solid particle is less than that of 
the surrounding fluid, the solid particle is completely suspended by the liquid, a condition 
under which the interaction forces (i.e., drag and gravity forces) exerted on it must match 
its buoyancy force, with the frictional force on the wall being neglected. In the case of a 
single spherical particle in an infinite state (𝜀 = 1), the balance of forces acting on the 
particle can be conveniently expressed as 
   Drag force (𝐹𝑑) + Gravitiy force (𝐹𝑔) = Buoyancy force (𝐹𝑏)                                 (3.9) 
Eq. (3.9) can be rewritten for a spherical particle: 













3)𝑔(𝜌𝑝)                           (3.10) 
Eq. (3.10) can then be rearranged to give                  









3)𝑔(𝜌𝑙 − 𝜌𝑝)                                       (3.11) 





2𝜌𝑙)) of the liquid 




3)𝑔(𝜌𝑙 − 𝜌𝑝) 
so that Eq. (3.11) can be rearranged as follows: 
                                         
𝐹𝑑
𝐹𝑏−𝐹𝑔
= 1                                                                (3.12) 
However, in a multi-particle liquid inverse fluidized bed, characterizing the drag force and 
effective gravitational force acting on a single particle is very complicated because, in 
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inverse fluidized beds, the structure between the particles and liquid-particles is complex 
since the motion of light particles during suspension is random (Karamanev and Nikolov, 
1992a). Visual observations also revealed that the light particles exhibited random motion 
without colliding with one another while fluidized. Kmiec (1982) found that in an upward 
multi-particle liquid fluidization system, a more appropriate expression of the ratio of the 
drag force to the net effective gravitational force is as a function of the bed voidage (𝜀). In 
an inverse multi-particle liquid fluidized bed, the total liquid-particle interaction forces can 
thus be measured as a function of the bed voidage, as follows:   









3𝑔)(𝜌𝑙 − 𝜌𝑝)  𝑓(𝜀)                                  (3.13) 
Felice (1995) and Yang and Renken (2003) derived a similar expression of the liquid-
particle interaction forces, but it covered only U-LSFBs. Eq. (3.11) can be expressed in a 
dimensionless form as a function of the Re and Ar values and the drag coefficient 𝐶𝐷:   







=  𝑓(𝜀)                                                     (3.14) 
The Eq. (3.14) form indicates that the bed voidage function 𝑓(𝜀) is a function of only the 
Re and Ar values and the drag coefficient (𝐶𝐷). The drag coefficient, is determined from 
Karamanev’s (1996) correlation, in which 𝐶𝐷 has two conditions: the first is that 𝐶𝐷 =
0.95 when 𝐴𝑟 > 1.8 × 106𝑑𝑝
2, as in Eq. (3.3), and the second is that the drag coefficient is 
a function of the Ar value only when 𝐴𝑟 < 1.8 × 106𝑑𝑝
2 , as indicated in Eq. (3.4). To 
determine the relationship of the bed voidage function 𝑓(𝜀), the bed voidage (𝜀) 








) in Eq. (3.14) in order to obtain an appropriate expression of 𝑓(𝜀) in a conventional 
I-LSFB. Figure 3.3 shows that an expansion function provides the best fit between the bed 







) in Eq. (3.14) and that this relation is dependent on the 
value of the n index. The relationship can be written as 







=  𝜀𝑛                                                  (3.15)                                                
48 
 
As mentioned in previous studies by Richardson and Zaki (1954), Khan et al. (1982), and 
Karamanev and Nikolov (1992b), the value of the bed voidage index (𝑛) is reliant on the 
operating conditions and the properties of the solid particles. In Eq. (3.15), it can be noted 
that the right-hand term (𝜀𝑛) is similar to that in the Richardson-Zaki equation. Thus, to 
establish the value of the n index for the force balance model, the Richardson-Zaki equation 
can be transformed through the application of Stokes’ law and Newton’s equation for a 
free-rising particle. 
 










3.4.1 Stokes region (𝑅𝑒𝑡 < 0.2) 
In the Stokes region, where the inertial forces are negligible compared to the viscous forces, 
the drag coefficient was applied for analytically solving the Navier-Stokes equations, as 
follows: 
                                                     𝐶𝐷 =   
24
𝑅𝑒𝑡
                                                                 (3.16) 
From Newton’s law governing free-settling particles, the terminal velocity of a single 
particle can be written as  












 is substituted into Eq. (3.17), the relationship between the Ar and Re values 
can be obtained based on the terminal particle velocity, as follows:  
                                             𝐴𝑟 = 18𝑅𝑒𝑡                                                         (3.18) 
The Richardson-Zaki equation can be transformed by substituting 𝑅𝑒𝑡 =
𝐴𝑟
18
 at the Stokes 
region condition, where 𝑅𝑒𝑡 < 0.2 or Ar < 3.6:   
                    
𝑈𝑙
𝑈𝑡
= 𝜀4.65    =
𝑅𝑒
𝑅𝑒𝑡


















𝐶𝐷 so that the Richardson-Zaki equation can be rearranged for the 
Stokes region to become  






= 𝜀4.65                                                (3.20) 
The right-hand term of Eq. (3.20) (the Richardson-Zaki equation) is equal to the 
dimensionless equation obtained from the force balance in an I-LSFB. Therefore, if the 
Richardson-Zaki equation is transformed, the force balance model for predicting the bed 
voidage in an I-LSFB can be rewritten as in the following equation, where the n index is 












3𝑔)(𝜌𝑙 − 𝜌𝑝) 𝜀
4.65   at  𝑅𝑒𝑡 < 0.2  or  Ar < 3.6                  (3.21)  
3.4.2 Newton region (𝑅𝑒𝑡 > 500) 
The same transformation process as for the Richardson-Zaki equation at the Stokes region 
can also be followed for the Newton region, where inertial forces dominate. According to 
Newton’s law governing free-settling particles, the terminal particle velocity is equal to 




                                         (3.22) 
According to Karamanev (1996), in an I-LSFB, the drag coefficient is equal to 0.95 when 
𝐴𝑟 > 1.8 × 106𝑑𝑝
2. Substituting the drag coefficient value into the above equation enables 
Eq. (3.22) to be rearranged in dimensionless form to become  
                             𝐴𝑟 = 0.7125 𝑅𝑒𝑡




                        (3.23) 
With the use of the above relation, the Richardson-Zaki equation can then be transformed 
at the Newton region in order to obtain a new form through the following processes: 
𝑈𝑙
𝑈𝑡
= 𝜀2.4 =   
𝑅𝑒
𝑅𝑒𝑡
 = 𝜀2.4 =  
𝑅𝑒2
𝑅𝑒𝑡
2  = 𝜀
4.8         →  
𝑈𝑙
𝑈𝑡
=   0.7125 ×
𝑅𝑒2
𝐴𝑟
=  𝜀4.8          (3.24)         
The value of 0.7125 is equal to 
3
4
× 0.95, and Eq. (3.24) can be rewritten as the following 
equation, where the drag coefficient of the free-rising particle (𝐶𝐷) is equal to 0.95 at 𝐴𝑟 >
1.8 × 106𝑑𝑝
2: 






= 𝜀2𝑛                                                      (3.25) 
A comparison of the transformed Richardson-Zaki equation and the force balance model 
form expressed in Eq. (3.18) under Newton region conditions enables the force balance 










3𝑔)(𝜌𝑙 − 𝜌𝑝) 𝜀
2𝑛   at  𝑅𝑒𝑡 > 500 or 𝐴𝑟 > 178125      (3.26) 
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Links exist between the transformed Richardson-Zaki equation and the force balance form 
for predicting bed voidage in an I-LSFB, where the bed voidage index is 𝑛 = 4.56 for both 
models in the Stokes region, and the bed voidage indexes are 𝑛 = 2.4 and 2 × 𝑛 = 4.8 in 
the Newton region for the Richardson-Zaki equation and the force balance model, 
respectively. However, in the transition region, the Richardson-Zaki equation cannot be 
transformed directly into the force balance model. 
3.4.3 Transition region  (1 < 𝑅𝑒𝑡 < 500) 
In the transition region, which indicates the transition between the Stokes and Newton flow 
regions, the Richardson-Zaki equation cannot be transformed into a force balance model 
form. The bed voidage value 𝑛 in Eq. (3.15) is not the fixed value proposed by Wen and 
Yu (1966) and Kmiec (1982) because it is dependent on the properties of the particle and 
the operating conditions in the transition region. This fact is further confirmed by the force 
balance model expressed in Eq. (3.15), where the bed voidage index 𝑛 is a function of 
only 𝐴𝑟, 𝑅𝑒, and 𝐶𝐷, and it can be noted that the drag coefficient 𝐶𝐷 is equal to 0.95 or that 
it is dependent solely on the Ar value, as shown in Eq. (3.3) and (3.4). Determining the bed 
voidage index (𝑛) as a function of 𝑛 = 𝑓(𝑅𝑒𝑡) and 𝑛 = 𝑓(𝐴𝑟) is therefore reasonable. A 
similar suggestion has been made for a U-LSFB, for which Yang (1996) developed an 
empirical correlation for predicting the bed voidage index 𝑛 as a function of 𝑅𝑒𝑡 and 𝐴𝑟. 
Figure 3.4 provides a plot of the relationship between the bed voidage experimental data 
for index 𝑛 and the Ar values, which fit a non-linear curve for predicting the bed voidage 
index 𝑛 as a function of 𝐴𝑟, expressed as follows: 




Figure 3.4: Fitting of the experimental bed voidage n index data as a function of the 
Ar value for solid particles in the transition region. 
Based on the same process as above, Figure 3.5 depicts the best-fitting non-linear curve 
representing the relationship between the experimental bed voidage n index data and the 
𝑅𝑒𝑡 values, which is expressed as follows: 
                  𝑛 = 5.454𝑅𝑒𝑡
−0.13          when       1 < Ret < 500                                    (3.28) 
It can be seen that Eq. (3.27) and (3.28) can be used for determining the value of the bed 
voidage index 𝑛 as a function of 𝑅𝑒𝑡 or 𝐴𝑟. In an I-LSFB, the force balance model defined 
in Eq. (3.15) explains that the bed voidage index 𝑛 is dependent on the values of 𝑅𝑒𝑡, 𝐴𝑟, 
and 𝐶𝐷, with the drag coefficient 𝐶𝐷 being a function of only the Ar value, as indicated in 
Eq. (3.4). Thus, in this study, to facilitate a determination of the bed voidage, it is more 
appropriate to correlate the bed voidage index n with,𝑅𝑒𝑡, 𝐴𝑟, or both terms in order to 
represent the operating conditions and particle properties, respectively.  








3𝑔)(𝜌𝑙 − 𝜌𝑝) 𝜀
























Figure 3.5: Fitting of the experimental bed voidage n index data as a function of the 
Ret values for solid particles in the transition region 
3.5 Results and discussion 
Experimental bed voidage results for a conventional I-LSFB were obtained from 
measurements of the pressure drop in the fluidized bed with varied superficial liquid 
velocities. Eq. (3.5) and (3.7) were also employed for determining the total pressure drop 
and bed voidage, respectively. In this and previous work, the range of studies of bed 
voidage with conventional regimes omitted consideration of the Stokes region because of 
the difficulty of establishing solid particle properties that provide Re values based on 
terminal particle velocities of less than 0.2. 
In the transition region, bed voidage can be evaluated with the use of a number of 
correlations of the 𝑛 index to enable the selection of the optimal method for predicting bed 
voidage. Average absolute relative error (AARE) values with respect to bed voidage are 
provided in Table 3.3 based on the use of four correlations for calculating the 𝑛 index: 





















Sold partiles located at transition region
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evident from Table 3.3 that the fourth correlation, in which n = 𝑓(𝐴𝑟) + 𝑓(𝑅𝑒𝑡), provides 
the minimum AARE: within a range of 1.7 % to 3.8 %. As well, according to Eq. (3.15), 
the n index of the bed voidage is a function of the Re and Ar values, so it is reasonable to 
correlate the n index with the Re and Ar values in the following form: 
                             𝑛 = 5.39 𝐴𝑟−0.066 + 5.454𝑅𝑒𝑡
−0.13                                    (3.30) 
The 𝑛 index can be determined from the substitution of Eq. (3.30) in Eq. (3.29) in order to 
obtain Eq. (3.31) for predicting the bed voidage in the transition region (1 < 𝑅𝑒𝑡 < 500) 









3𝑔)(𝜌𝑙 − 𝜌𝑝) 𝜀
(5.39 𝐴𝑟−0.066+5.454𝑅𝑒𝑡
−0.13)     (1 < 𝑅𝑒𝑡 < 500)    (3.31)                                
The force balance model for predicting the bed voidage in a conventional I-LSFB has been 
compared to three models based on the Richardson-Zaki equation: 
▪ Model-1 is the first set, which refers to the Richardson-Zaki equation with the 
bed voidage n index being calculated from Eq. (3.2.1) to (3.2.4), and the 
terminal particle velocity being determined based on Newton’s law governing 
settling particles and on the drag coefficient, as specified in Eq. (3.3) and (3.4). 
▪ Model-2 is the second set, which represents the Richardson-Zaki equation with 
the bed voidage n index being determined using the correlation set out in Eq. 
(3.32) (Khan and Richardson, 1989) and the terminal particle velocity being 
established based on Newton’s law governing settling particles and the drag 
coefficient computed in Eq. (3.3) and (3.4). 
                                   
4.8−𝑛
𝑛−2.4





]                                  (3.32) 
▪ Model-3 is the third set, which represents the Richardson-Zaki equation with 
the bed voidage n index being calculated according to Eq. (3.2.1) to (3.2.4), and 
the terminal particle velocity being obtained from the Turton and Clark (1978) 
correlation. Compared to the most commonly used correlations, Turton and 
Clark’s (1978) has been proven by Brown and Lawler (2003) to provide good 
accuracy with respect to estimating free-settling velocity. 
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)0.412]−1.214                        (3.33) 
Table 3.3: Correlation proposed for predicting the n index in the transition region. 
Correlation for predicting the 𝑛 index 
as proposed for the force balance 
model in the transition region 
ARRE % for bed voidage prediction using the force balance 
model 
for seven kinds of particles characterized as 



































𝑛1 = 5.454 𝑅𝑒𝑡
−0.13 41 % 46 % 44 % 43 % 44 % 42 % 32 % 
𝑛2 = 5.39𝐴𝑟





 41 % 46 % 44 % 43 % 44 % 48 % 45 % 
𝑛4 = (5.454 𝑅𝑒𝑡
−0.13) + (5.39𝐴𝑟−0.066) 2 % 4 % 1 %  4 % 2 % 2 % 2 % 
 
The liquid flow rate has a substantial effect on the liquid and solid volume fractions in I-
LSFBs. The fixed bed begins the fluidization process, with all of the solid particles 
suspended in the liquid flow when the frictional pressure drop between the liquid flow and 
the particle surfaces is equal to the net effective buoyant force per unit area (Renganathan 
and Krishnaiah, 2003).  
I-LSFB bed voidage (liquid volume fraction) was investigated experimentally in a large-
scale system. Figure 3.6 shows the experimental results for bed voidage as a function of 
the superficial liquid velocity for particle densities of 28 kg/m3, 122 kg/m3, 300 kg/m3, and 
638 kg/m3. The bed voidage was observed to increase gradually with a rising liquid flow 
rate, an effect that was expected since a greater drag force acting on the particle surfaces 
would lead to increased bed voidage as a result of the fluidization process and greater bed 
expansion. However, it can be noted that particles with densities of 28 kg/m3, 122 kg/m3, 
and 300 kg/m3 exhibit almost the same trend and slope as the bed voidage curve for a solid 
particle with a density of 638 kg/m3. In general, solid particles whose density is small 
require higher superficial liquid velocities for fluidization and bed extension due to the 
greater net effective buoyancy force. The observations also revealed that during 
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fluidization, particles with densities of 28 kg/m3, 122 kg/m3, and 300 kg/m3 exhibited 
active random motion without colliding with one another, a feature attributable to their 
small mass (inertia). 
 
Figure 3.6: Variations in bed voidage as a function of the superficial liquid velocity 
The bed voidage n index in the transition flow region (0.2 < 𝑅𝑒𝑡 < 500) is not a constant 
value, but instead, because it is a function of physical and operating conditions, it is 
determined from the experimental data. Figures 3.7, 3.8, 3.9, and 3.10 for solid particle 
densities of 28 kg/m3, 122 kg/m3, 300 kg/m3, and 638 kg/m3, respectively, show the bed 
voidage logarithm, 𝐿𝑛(𝜀), as a function of the superficial liquid velocity logarithm 𝐿𝑛(𝑈𝑙). 
Figures 3.7, 3.8, 3.9, and 3.10 also display the AAREs associated with bed voidage 
predictions based on the force balance model and the Richardson-Zaki equation, which are 
identified as model-1, model-2, and model-3 for each particle. Figure 3.7 reveals that the 
results from the force balance model, with an AARE of 1.5 %, are in better agreement than 
those from the other models. Model-1 and model-2 results were in good agreement with 
the experimental results for a particle density of 28 kg/m3 (AAREs of 2 % and 2 % for both 
















Superficial liquid velocity [mm/s]
This work (28 kg/m3, Ar =6126)
This work (122 kg/m3, Ar=15590)
This work (300 kg/m3, Ar =8606
This work (638 kg/m3, Ar= 5900)
57 
 
and (3.2.3) because these particles were in the transition flow regime, and the n index in 
model-2 was calculated based on Khan and Richardson (1989). The n index for both 
models was the same value (n = 2.84), which caused model-1 and model-2 to produce 
similar bed voidage predictions. However, the results from model-3, in which the terminal 
particle velocity was determined from the Turton and Clark (1987) correlation, deviated 
somewhat from the experimental data (AARE of 8.3 %). This discrepancy resulted from 
the predictions of terminal particle velocity. As indicated in Figures 3.8, 3.9, and 3.10, for 
the other particles with densities of 122 kg/m3, 300 kg/m3, and 638 kg/m3, the force balance 
model likely provides the best bed voidage predictions, which were in line with the 
experimental data, with AAREs of 2.5 %, 1 %, and 4.5 %, respectively. Model-1 and 
model-2 also provided expectedly similar predictions of bed voidage for solid particles 
with densities of 122 Kg/m3, 300 Kg/m3, and 638 Kg/m3; the AAREs were 2 %, 3 %, and 
5 %, respectively. The AAREs for the model-3 correlation ranged from 6 % to 8 % relative 
to the experimental bed voidage data for solid particle densities of 122 Kg/m3, 300 Kg/m3, 
and 638 Kg/m3.  
 
Figure 3.7: Bed voidage logarithm as a function of the superficial liquid velocity 














Experimental data [ 28kg/m3, Ar=6126]
Force balance model [Index n=5.853, AARE=1.5 %]
Model-1 [Index n=2.84, AARE=2 %]
Model-2 [Index n=2.84, AARE=2 %]




Figure 3.8: Bed voidage logarithm as a function of the superficial liquid velocity 














Experimental data [ 122kg/m3, Ar=15590]
Force balance model [Index n=5.5.58, AARE=1.2 %]
Model-1 [Index n=2.7, AARE=2 %]
Model-2 [Index n=2.7, AARE=2.3 %]




Figure 3.9: Bed voidage logarithm as a function of the superficial liquid velocity 
logarithm for four models of solid particles with a density of 300 kg/m3.
 
Figure 3.10: Bed voidage logarithm as a function of the superficial liquid velocity 















Experimental data [ 300 kg/m3, Ar=8606]
Force balanc model[Index n=5.752, AARE=1 %]
Model-1 [Index n=2.81, AARE=2 %]
Model-2 [Index n=2.78, AARE=3 %]















Experimental data [ 638kg/m3, Ar=5900]
Force balance Model [Index n=5.86, AARE=4.5 %]
Model-1 [Index n=2.86, AARE=5 %]
Model-2 [Index n=2.86, AARE=5 %]
Model-3 [Index n=2.9, AARE=7 %]
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The model-1, model-3, and force balance model results were compared to the experimental 
bed voidage results of this work for solid particle densities of 28 kg/m3, 122 kg/m3, 300 
kg/m3, and 638 kg/m3. It should be noted that some of Lee’s (2001) experimental bed 
voidage data for solid particle densities of 910 kg/m3, 930 kg/m3, and 946 kg/m3 were also 
used for comparison purposes. These solid particles were characterized by densities close 
to that of water, with a particle size of 5.8 mm and an Re value based on the terminal 
particle velocity located within the transition flow region (0.2 < 𝑅𝑒𝑡 < 500) , as 
mentioned in Table 3.2. 
Bed voidage predictions based on the force balance were compared to the experimental 
results for this and Lee’s (2001) work, as indicated in Figure 3.11. The predictions were 
based on a wide range of solid particle densities (28 kg/m3, 122 kg/m3, 300 kg/m3, 638 
kg/m3, 910 kg/m3, 930 kg/m3, and 946 kg/m3) for the transition flow regime, and they were 
in good agreement (within ± 6 %) with the experimental bed voidage results for inverse 




Figure 3.11: Comparison of the bed voidage calculated by the force balance model 
with the experimental results from this and Lee’s (2001) work for a transition flow 
regime. 
 
The experimental results were also compared to the bed voidage predictions produced by 
model-1, as shown in Figure 3.12. It should be noted that because model-1 and model-2 
arrived at generally similar predictions, this comparison included only the model-1 results. 
The predictions were also a good fit with the experimental results of this and Lee’s (2001) 




































This work [28 kg/m3, Ret = 93]
This work [122 kg/m3, Ret = 148]
This work [300 kg/m3, Ret = 110]
This work [638kg/m3, Ret = 91]
Lee (2001) [910 kg/m3, Ret = 464]
Lee (2001) [930 kg/m3. Ret = 406]






Figure 3.12: Comparison of the bed voidage calculated by model-1 with the 
experimental results of this and Lee’s (2001) work for the transition region. 
Figure 3.13 shows the bed voidage predicted by model-3, which was also compared to the 
experimental results of this and Lee’s (2001) work. The error rate of the bed voidage 
predictions versus the experimental bed voidage results was within ± 12 %. In Figures 
3.11, 3.12, and 3.13, it should be noted that the bed voidage prediction data from the force 
balance model is more reliable because the prediction data are distributed symmetrically 
around the experimental data line.  
For the Newton flow region (𝑅𝑒𝑡 > 500), the model-1, model-3, and force balance model 
results were compared to the experimental bed voidage data for particle densities of 75 
kg/m3, 96 kg/m3, 159 kg/m3, and 201 kg/m3 based on the study reported by Karamanev and 
Nikolov (1992b), as shown in Table 3.2. It should be noted that the Re value was based on 
the terminal particle velocity of those particles located in the Newton flow region, where 



























Experimental bed voidage 
This work [28 kg/m3, Ar=6126]
This work [638kg/m3, Ar=5900]
This work [122 kg/m3, Ar=15590]
This work [300 kg/m3, Ar=8606]
Lee (2001) [946 kg/m3, Ar=103360]
Lee (2001) [930 kg/m3, Ar=133984]






Figure 3.13: Comparison of the bed voidage calculated by model-3 with the 
experimental results of this and Lee’s (2001) work for the transition flow regime. 
 
Figures 3.14, 3.15, and 3.16 provide a comparison of the experimental bed voidage data 
with the prediction data using the force balance model, model-1, and model-3, respectively, 
for particles located within the Newton flow region. The bed voidage prediction data based 
on the force balance model and model-1 are compared to the experimental results for 
particles with densities of 75 kg/m3, 96 kg/m3, 159 kg/m3, and 201 kg/m3 from the study 
by Karamanev and Nikolov (1992b), as shown in Figures 3.14 and 3.15. The bed voidage 
prediction data produced by the force balance model still has a small AARE within ± 5 % 
compared to the AARE within ± 9 % for the bed voidage predicted by model-1. The 
prediction results using the force balance model are distributed symmetrically around the 
experimental results line, as displayed in Figure 3.14. The bed voidage predictions from 
model-3 were also compared to the experimental results for the same particles, and the 
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Figure 3.14: Comparison of the bed voidage calculated by the force 
balance model with the experimental results of Karamanev and Nikolov 
(1992b) for the Newton flow regime. 
 
Figure 3.15: Comparison of the bed voidage calculated by model-1 with the 





































Karamanev & Nikolov, 1992 [75 kg/m3, Ret = 680]
Karamanev & Nikolov, 1992 [96 kg/m3, Ret = 2350]
Karamanev & Nikolov, 1992 [159 kg/m3, Ret = 1290]
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Figure 3.16: Comparison of the bed voidage calculated by model-3 with the 







































Karamanev 1992 [75 kg/m3, Ar=376000]
Karamanev 1992 [201kg/m3, Ar=1200000]
Karamanev 1992 [159 kg/m3, Ar=1580000]





3.6 Conclusion   
Average bed voidage values were obtained from measurements of the total pressure drop 
across the bed using a large column reactor in an I-LSFB for four kinds of solid particle 
densities: 28 kg/m3, 122 kg/m3, 300 kg/m3, and 638 kg/m3. It should be noted that the 
average bed voidage increases with a rise in the downward flow rates in the bed. A force 
balance model has also been developed based on an analysis of the fundamental forces 
acting on a single suspended particle in an I-LSFB. The proposed model is formulated in 
terms of the drag coefficient as well as the Ar and Re values for predicting bed voidage 
under Stokes, transition, and Newton flow regimes. The results produced by the force 
balance model and by versions of the Richardson-Zaki equation identified as model-1, 
model-2, and model-3 have been compared to the experimental bed voidage findings for 
particles with a wide range of properties. The force balance model provides more reliable 
predictions of the interaction of liquid particles in suspension, and its output is in good 
agreement with the experimental data from this and previous studies of the transition and 
Newton flow regions. The model-1 and model-2 versions of the Richardson-Zaki equation 
are reasonable choices for use in predicting bed voidage in an I-LSFB containing solid 
particles with a wide range of densities. Model-3 predicted bed voidage with AAREs of 
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4 Conclusions and Recommendations 
4.1 Conclusions 
The goal of the research presented in this thesis was to investigate the hydrodynamic 
characteristics of particles characterized by four densities (28 kg/m3, 122 kg/m3, 300 kg/m3, 
and 678 kg/m3) and small particle sizes ( 𝑑𝑝 ≈ 1𝑚𝑚) in a conventional inverse liquid-
solid fluidized bed (I-LSFB) with a large column diameter of 200 mm. The minimum 
fluidization velocity, which represents the transition point from a fixed to a conventional 
inverse fluidization regime, and the average bed voidage were studied with respect to these 
low-density particles. Based on an equilibrium analysis of the net effective gravitational 
and drag forces exerted on a suspended solid particle in the bed, a force balance model was 
also developed for predicting the average bed voidage in an I-LSFD.  
The minimum fluidization velocity (Umf) is an important hydrodynamic parameter for the 
design, operation, and scale-up of a liquid-solid fluidized bed bioreactor. The minimum 
fluidization velocity for four kinds of light and free-rising particles (28 kg/m3, 122 kg/m3, 
300 kg/m3, and 638 kg/m3) was investigated experimentally in a large-scale system 
encompassing a reactor column with an internal diameter (ID) of 200 mm and a height of 
4.5 m. Two measurement methods were employed: the frictional pressure drop and the bed 
height methods. The experimental Umf for a particle density of 638 kg/m
3 was in good 
agreement with existing correlations: the Wen and Yu (1966) and the Richardson (1971) 
correlations, with absolute relative errors (AREs) of 16 % and 4 %, respectively. However, 
the experimental Umf values for particle densities of 28 kg/m
3, 122 kg/m3, and 300 kg/m3 
deviated substantially from the same correlations, with AREs of up to 40 %. A modified 
version of the Wen and Yu correlation was proposed as a means of improving the Umf 
predictions. The modified Wen and Yu correlation resulted in enhanced predictions of Umf 




, 𝐴𝑟 < 26 000, and 𝑅𝑒𝑚𝑓 < 20).  
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The bed voidage associated with the above light particles was measured experimentally 
based on the total pressure drop across the bed and the bed heights observed in a large-
scale system having a downer column bioreactor with a 200 mm ID and a height of 4.5 m. 
For particles with a density of 638 kg/m3, the bed voidage, or bed expansion, increased 
more rapidly with the superficial liquid velocity than for lighter particles with densities of 
28 kg/m3, 122 kg/m3, and 300 kg/m3. Based on an equilibrium analysis of the fundamental 
forces (i.e., effective buoyant and drag force), a force balance model was formulated in 
terms of the drag coefficient as well as the Archimedes and Reynolds numbers as a means 
of predicting the bed voidage under Stokes, transition, and Newton regimes. The output of 
three versions of the force balance model was compared to results based on the Richardson-
Zaki equation for a wide range of particle densities. It was found that the force balance 
model provided more reliable predictions of the interactions of the liquid and the particles 
in suspension and that the results were in good agreement with experimental bed voidage 
data from this and previous studies: average absolute relative errors (AAREs) within 6 % 
and 5 %, respectively for the transition and Newton flow regions in an I-LSFB. The 
Richardson-Zaki equation formulated as model-1 can be used for predicting the bed 
voidage for a wide range of particle properties, with AAREs of 8 % and 9 % for the 
transition and Newton flow regions, respectively, in an I-LSFB. 
4.2 Recommendations 
Three kinds of light solid particles with densities less than 300 kg/m3 and small sizes (𝑑𝑝 ≈
1 𝑚𝑚) were used for investigating the hydrodynamics in a conventional I-LSFB. In future 
work, additional light solid particles, specifically with different sizes, should be examined 
with respect to the effect of the properties of solid particles on the hydrodynamics in an I-
LSFB. 
In this research, the global solid particle distribution in a conventional I-LSFB was studied. 
However, local solid holdup distributions should also be examined based on the 
characterization of the radial and axial solid holdup distribution of light solid particles. In 
the force balance model, the definition of the drag and net effective gravitational forces has 
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a physical meaning in a fluidization system, which should be developed for use in further 
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